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Introduction and statement of results 

0.1. Let W be a Weyl group with standard set of generators S; let < be the Bruhat 
order on W. In [KL1],[KL2], certain polynomials P VjW = J2i>o Py,w,i ul (Py,w,i £ 
N, u is an indeterminate) were defined and computed in terms of an algorithm 
for any y < w in W. These polynomials are of interest for the representation 
theory of complex reductive groups, see [KL1]. Let I = {w G W;w 2 = 1} be 
the set of involutions in W. In this paper we introduce some new polynomials 
Py W = J2i>o Py,w,i ul (Pywi e ^) for any pair y < w of elements of I. These new 
polynomials are of interest in the theory of unitary representations of complex 
reductive groups, see [AL]; they are again computable in terms of an algorithm, 
see 4.5. For y < w in I and i G N there is the following relation between Py, W ;% 
and Py w .{- there exist Gtj, 6j G N such that P y , W ;i = di + Py W -i = Oj — 

Let A = Z[m,u _1 ] and let fj be the free ^4-module with basis (T w ) we w with 
the unique ^.-algebra structure with unit T\ such that 

(i) T W T W > = T ww > if l(ww') = l(w) + l(w') 

(I : W — » N is the standard length function) and (T s + 1)(T S — u) = for all 
s G S. Let fj' be the ^.-algebra with the same underlying ^.-module as but with 
multiplication defined by the rules (i) and 

(ii) (T s + 1)(T S - u 2 ) = for all s G S. 

In the course of defining the polynomials P y , w i n [KL1] a special role was played 
by the triple (Sj <&$) opp 1 $) 1 ~ : ft — > Jq) where the middle S) is viewed as a f} ®S) opp - 
module via left and right multiplication (fj opp is the algebra opposed to ij) and 
_ : 9) — > is a certain ring involution. To define the new polynomials Py w we shall 
instead need a triple 

{fi',M-:M -> M) 

where M is the free v4-module with basis (a w ) we i with a certain fj'-module struc- 
ture and ~ : M — > M is a certain Z-linear involution which are described in the fol- 
lowing theorem (here ~ : $)' — > Sj' is the ring involution such that u n T w = u~ n T~} 1 
for all w G W, n G Z). 
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Theorem 0.2. (a) Consider for any s G S the A-linear map T s : M — > M given 
by 

(i) (T s + l)(a w ) = (u + l)(a w + a sw ) if w el,sw = ws > w; 

(ii) (T s + l)(a w ) = (u 2 — u)(a w + a sw ) if w G I, sw = ws < w; 
(Hi) (T a + l)(a w ) = a w + a sws if w G I, sw ^ ws > w; 

(iv) (T s + l)(a w ) = u 2 (a w + a sws ) if w el,sw ^ ws < w. 
(Note that in (Hi) we have automatically sw > w and in (iv) we have automatically 
sw < w.) The maps T s (s G S) define an S)' -module structure on M. 

(b) There exists a unique Z-linear map ~ : M — > M such that u n m = u~ n m for 
all m G M , n G Z, al = a± and (T s + l)m = u~ 2 {T s + l)m for all m G M, s G S . 
For any w el we have = J2 ye i;y<w r y,™ a y where r V)W G A and r Wjl 



u 



-l(w) 



For any h G i}' and m G M we have hm = hm. For any m G M we have m = m. 

The proof of (a) is given in 1.8. The proof of (b), given in 2.9, is based on 
a sheaf theoretic construction of M, some elements of which are inspired by the 
geometric construction of the plus part of a universal quantized enveloping algebra 
of nonsimplylaced type given in [L2, Ch.12].) 

Let A = Z[i>,i> -1 ] where v is an indeterminate. We view A as a subring of A 
by setting u = v 2 . Let M = A <S>^ M. We can view M as a ^4-submodule of 
M . We extend : M — > M to a Z-linear map : M_ — > M_ in such a way that 
v n m = v~ n m for m G M, n G Z. Let ft = A ®a ft, ft' = A ®A These are 
naturally .A-algebras containing as .A-subalgebras. Note that the i^'-module 
structure on M extends by ^A-linearity to an ^'-module structure on M. We have 
the following result. 

Theorem 0.3. (a) For any w G I there is a unique element 

A w = v~ 1 ^ P v,^y^K 

yEl;y<w 

(Py W G Z[u]) such that A w = A w , P° w = 1 and for any y G I, y < w, we have 
degP° w <(l(w)-l(y)-l)/2. 

(b) The elements A w (w El) form an A-basis of M . 

The proof is given in 3.1, 3.2. In 3.3 we give an interpretation of P£ in terms 
of intersection cohomology. 

0.4. For any z G Q - {0} let M z = Q ® A M, fi' z = Q ® A ft' where Q is viewed 
as an ^4-algebra under u *-> z. For w G W we write T w G S)' z instead of 1 ® T w j 
for w G I we write a w G M z instead of 1 <g> a w . Note that $)[ can be identified 
with Q[W], the group algebra of W, so that for w G W, T w becomes w. Now 
specializing 0.2(a) with it = 1 we see that Mi is a VF-module such that 

s(a w ) = a w + 2a SU) if w G I, sw = ws > w; 

s(a w ) = —a w if w G I, sw = ws < w; 
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s(a w ) = Usws if W G I, SW 7^ WS. 

In §6 it is shown that the VF-module Mi is isomorphic to a direct sum of repre- 
sentations of W induced from one-dimensional representations of centralizers of 
involutions. The last direct sum has been studied in detail by Kottwitz [Ko]; in 
6.4 we reformulate Kottwitz's results in terms of unipotent representations. 

0.5. If X is a set and / : X — > X is a map we write X* = {x G X; f(x) = x}. If 
X is a finite set we write \X\ for the cardinal of X . 

Contents 

1. Proof of Theorem 0.2(a). 

2. Proof of Theorem 0.2(b). 

3. Proof of Theorem 0.3. 

4. The action of w _1 (T s + 1) in the basis (A w ). 

5. Relation with two-sided cells. 

6. The ^-module M x . 

7. Some extensions. 

1. Proof of Theorem 0.2(a) 

1.1. Let k be an algebraic closure of the field F p with p elements, (p is a prime 
number.) Let G be a connected semisimple simply connected algebraic group 
over k. Let B be the variety of Borel subgroups of G. Then G acts on B x B 
by simultaneous conjugation and the set of orbits can be viewed naturally as a 
Coxeter group (the Weyl group of 67); we shall assume that this Coxeter group 
is W of 0.1 with its standard set of generators. For w G W we write O w for the 
corresponding 6-orbit in B x B. Let <p : G — > G be the Frobenius map for a split 
Fp-structure on G. 

Let s G Z >0 and let q = p s . Then <p' := (p s : G — > G is the Frobenius map for 
a split Fq-structure on G (we denote by F q the subfield of k of cardinal q) . For 
any s G S the ^4-linear map T s : M — > M defined in 0.2(i)-(iv) induces a Q-linear 
map M q — > M g denoted again by T s ; it is given by 0.2(i)-(iv) with u replaced by 

?• 

Consider the F g -rational structure on £> x B with Frobenius map 
We have 

(B x £) F = {(B, B')eBxB;B = c/>'{B'),B' = <p'(B)}. 

If (B, B') G O w is fixed by F then (<f>'(B'),4>'(B)) G C w n hence w G I. On 

the other hand if (S, B') 6 ro 6 I then (<f>' (B') , <f>' (B)) G C w so that C w is 
F-stable. We see that (B x B) F = U we iO F . Now if w G I, then 67 acts transitively 
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on O w and this action is compatible with the F g -structure on O w given by F and 
with the Fg-structure on G given by (j)' : G — > G. Hence, using Lang's theorem, 
we see that O f 7^ and that the induced action of on O f is transitive (here 
we use also that the stabilizer in G of a point in O w is connected). We see that 
the G^ -orbits in (B x B) F are exactly the sets O f with w G I. Let T q be the 
vector space of functions (B x B) F — » Q which are constant on the orbits of . 
Clearly we can identify M q with J 7 ^ in such a way that for to 6 I, a„ becomes the 
function which is 1 on F and is on O f , for w' G I, w' 7^ tu. 

Next we consider the F g 2 -rational structure on B x £> with Frobenius map 
(£,£') H> (<j)' 2 (B),(j}' 2 {B')) denoted again by <p' 2 . We have clearly (B x B)^' 2 = 
U we wOt an< i this is exactly the decomposition of (B x By into -orbits. 
Let T' q be the vector space of functions [B x B)^ — » Q which are constant on the 

orbits of G^ . We define an (associative) algebra structure on J 7 ^ by h,h' 1— >■ h*h' 
where 

(h*h')(B 1 ,B 2 ) = J2 h(B 1 ^)h'(/3,B 2 ). 

!3eB<t>' 2 

Clearly we can identify f)' q with T' q as vector spaces in such a way that for w G W, 

.,2 J.'2 

T w becomes the function which is 1 on and is on 9 w , for w <E W — {w}. 
By Iwahori [I], this is identification respects the algebra structures on F' . 
For h G J-g, m G T q we define h * m E T q by 

(/i*m)(S!,S 2 )= £ h{B^P)m{MXP)Y 

(It may look strange that B2 does not appear in the right hand side; but in fact 
it appears through B\ since B2 = (f)'(Bi).) If h, h' G T' q , m G J- q we have 

((/i*/i / )*m)(S 1 , J B 2 )= ]T (/i*/i')(Si,/3)m(/3,^(/3)) 

= HB u p')h'(p'^)m(p l( f>'(p)) 

f3,P'eB<f>' 2 

= h(B 1 ,p')(ti*m)(p',ct>'(p')) = (h*(ti*m))(B 1 ,B 2 ). 

P'eB<t>' 2 

Thus (h*h')*m = h*(h' * m) so that h,m ^ h*m defines a J-'g-module structure 
on T q . (Note that T\ * m = m for m G J-g.) 

1.2. Let s & S, w & I. We have T s * a w = J^w'ei N s>w>w ia w > , where 

AW' = K/3 e ^' 2 ; (A W)) e (C, /?) g O s }| 
= |{(/3, 0') g (C, 0) g O s , 09', C") g O s }| 
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for any (C, C) G O^,. To simplify notation we write N w > instead of N SiWiW > since 
s,it? are fixed. In 1.3-1.6 we compute the number N w i for a fixed (C, C) G (9^,, 

w' el. 

1.3. In this subsection we assume that sw ^ ws > w. Using [DL, 1.6.4] we see that 
l(sws) 7^ l(w) hence l(sws) = /(it;) + 2. If N w > ^ then there exists (f3, 0) G O w 
such that (C,(3) G O s ,(/3',C') G O s . Hence it?' = sws. Conversely, assume that 
w 1 = sws. There is a unique ((3,(3') G £>™ such that (C,0) G £> s , (/?', C") G C s . 
We have {<j>'{0), G W , (C,<W)) G S , (0'(/3), C") G C s . (We use that 
0'(C) = C", 0'(C) = C.) By uniqueness we must have = (3', <j)'{0) = (3. 
Thus ((3, (3') G Q^. We see that N sws = 1 so that T s * a w = a sws . 

1.4. In this subsection we assume that sw = ws > w. If N w > ^ then there exists 
((3,(3') G O w such that (C,/3) G O 8 ,{0,C) G C s . Hence (C, /?') G C sw (we use 
that /(sit?) > /(it?)) and (C, C") G O sw U (9 W (we use that sws = w); hence it?' = sw 
or w' = w. 

Assume first that it?' = w. We set 

Z = {(0 0) G O w - (C, (3) G O s , {0, C") G O s }. 

We claim that the first projection Z — > F := {(3 G -B; (C, 0) G O s } is an isomor- 
phism so that Z is an affine line. Let (3 G Y. It is enough to show that there 
is a unique (3' G B such that (/3, /3') G O W ,{0,C) G C s . Since /(ws) > /(it?) 
it is enough to show that {0C) G O ws ; but from (/?, C) G O a ,(C,C) G O w , 
/(siu) > /(it;) we do indeed deduce that {0C) G O ws , as desired. This proves our 
claim. Now the restriction of F to Z is an F g -rational structure on an affine line 
hence it has exactly q fixed points. It follows that N w = q. 
Assume next that w' = sw = sw. We set 

Z' = {((3, (3 1 ) g O w - (C, (3) g O s U (/?', C") 60 S U Ox}. 

We claim that the first projection Z' -» Y' := {(3 G 5; (C, /?) G C s U d} is an 
isomorphism so that Z' is a projective line. It is enough to show that for any 
(3 G Y' the set 

= {(3' G B; {(3, (3') e O w , {0, C) G O s U Oi} 

has exactly one element. Let C\ be the unique element of B such that (C, Ci) G 
O a ,(C u C) G C w (we use that (C, C") G O sw and /(sw) > /(it;)). Note that 
d G F'. If = Ci then C" G S^; if /?' G S 6 - {C} then (/3',C) G C s , 
(C",Ci) G O w hence (0,Ci) G C sw (since Z(siu) > /(it;)) contradicting {0,0) G 
C w . Thus |H Cl | = \{C'}\ = 1. Now assume that (3 E Y r — {d}. From /3 ^ Ci, 
(C,/3) G £> s U 0i, (C,C) G C sw we deduce that {0 C) G O sw . Hence there 
is a unique (3' e B such that (/3,/3q) G O u , {0q,C) G C s . We have e 
Conversely, if G we have ^ C (since {(3,C) G C sw ); thus = O . We 
see that \Ep\ = \{b' }\ = 1. This proves our claim. 
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Now the restriction of F to Z' is an F g -rational structure on a projective line 
hence it has exactly q + 1 fixed points. If (3') G Z F then we have necessarily 
C ^ (3 and C ^ (3'. Indeed, if C = (3 then <j>'{C) = <j>'(p) hence C = (3' 
and {(3,(3') = (C,C) G C SU) contradicting {(3,(3') G O w . Similarly, if C = (3' 
then (b'{C) = cb'{(3') hence C = (3 and (/?, /?') = (C, C") G C sw contradicting 
(0,0') eO w . Thus 

g + 1 = |Z /F | = ?) G (C, 0) G O s , (/?', C) G O a }\ = N sw . 
We see that T s * a w = qa w + (q + l)a sw . 

1.5. In this subsection we assume that sty ^ ws < w. Using [DL, 1.6.4] we see 
that l{sws) 7^ l(w) hence l{sws) = l{w) — 2. We have s{sws) ^ {sws)s > sws. 
Applying 1.3 to sws instead of w we obtain T s * a sws = a w . Applying T s to the 
last equality and using the equation T s 2 = {q 2 - 1)T S + q 2 : T q -> F q , we obtain 

{q l)2~s * O'sws 4~ q flsms = T s * ci w 
that is, T s *a w = {q 2 - l)a w + q 2 a sws . 

1.6. In this subsection we assume that sw = ws < w. We have s{sw) = {sw)s > 
sw. Applying 1.4 to sw instead of w we obtain T s *a sw = qa sw + (q+l)a w . Applying 
T s to the last equality and using the equation T 2 = {q 2 — 1)T S + q 2 : T q — >■ J- q we 
obtain {q 2 - 1)T S * a sw + q 2 a sw = qT s * a sw + (q + 1)T S * a w that is 

(q + 1)T S * a w = {q 2 - 1 - q)T s * a sw + q 2 a sw 

= {q 2 -q - l)qa sw + {q 2 - q - l){q + l)a w + q 2 a sw . 

Dividing by q + 1 we obtain T s * a w = {q 2 — q — l)a w + {q 2 — q)a sw . 

1.7. From the results in 1.3-1.6 we see that the operators T s : M q — > M q {s G S) 
given by the formulas 0.2(i)-(iv) with u replaced by q define an .fj^-module structure 
on M q . 

1.8. We now prove 0.2(a). We shall use the following obvious fact, 
(a) If m G M has zero image in M pS for s = 1, 2, . . . then m = 0. 

Let s, t G S,s 7^ t and let k be the order of st in W. Let m G M. Let wl = 
{T s T t T s . . . )m — {T t T s T t . . . )m G M (both products have k factors). From 1.7 we 
see that m' has zero image in M p s for s = 1, 2, . . . ; hence by (a) we have m! = 0. 

Now let s G S and let m G M. Let m! = T 2 m — (w 2 — l)T s m — u 2 m G M. From 
1.7 we see that m' has zero image in M p s for s = 1,2,...; hence by (a) we have 
to' = 0. 

We see that 0.2(a) holds. 

2. Proof of Theorem 0.2(b) 

2.1. We preserve the notation of 1.1. We fix a prime number / ^ p. For any 
complex A of constructible Qrsheaves on an algebraic variety we denote by H l & 
the i-th cohomology sheaf of ^ and by D& the Verdier dual of ^. 
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Let C be the category whose objects are the constructible G-equivariant Qr 
sheaves on B x £>; the morphisms in Co are morphisms of G-equivariant Qz-sheaves. 
Let Vec be the category of finite-dimensional Qz-vector spaces. If S G Co and 
x G B x B, let iS x be the stalk of S at x; for any w e W there is a well defined 
object V~j G Fee which is canonically isomorphic to S x for any x G Note that 
S i — y is a functor Co — > Uec. For w G let S w be the object of Co which is Q; 
on O m and is on B x i3 — O w . For iu G let Sfy be the intersection cohomology 
complex of the closure O w of O w with coefficients in Qi (on O w ) extended by zero 
on B x B — O w . We have G C (i G Z); moreover WS^ is zero for large z and 

is zero unless % G 2N, see [KL2, Thm. 4.2]. If 5 G C , then WDS G C (z G Z); 
moreover WDS is zero for all but finitely many i. 

Let Ci be the category whose objects are pairs (S, where S G Co and \1/ is an 
isomorphism (p 2 *S —> S in Co- A morphism between two objects (<S, \&), (5', \I>') 
of C\ is a morphism S — > iS' in <Sq which is compatible with \E f/ . If (<S, G Ci 
then for any w G W, $ induces a linear isomorphism ^/^ : V^jf — > V^f (Note that 
Vf* s = V* since O w is ^-stable.) If z G Q;* and (5,*) G & then G fr. 

If (5, *) G Ci then for any i let « : (j) 2 *WDS ^ WDS be the inverse of the 
isomorphism WDS -> <p 2 *WDS induced by D; thus (WDS, #W) e Ci. 

For any to G If and any 2 G Q z * we have (S w ,t z ) G Ci where t z : (p 2 *S w —> S w 
is multiplication by z (we have (p 2 *S w = S w ). 

Let Ci be the full category of C\ whose objects are the pairs (S, \&) G C\ such 
that for any w E W all eigenvalues of ^ w : V£ — » V^f are even powers of p. For 
example if w G W, k G Z then (S w , t p 2fe) G C 2 . 

Lemma 2.2. For any (5, \&) G C 2 and any i e Z we have {WDSM^) e C 2 . 

It suffices to show that (WDS w ,t±^) G C 2 for any 10 6 G Z. We can 

assume that w G is fixed and that the statement in the previous sentence holds 
when w is replaced by any w' G W, w' < w. Let j w : 2 *S* U — > be the 

unique isomorphism such that the induced isomorphism 14, w — > V w w is the 
identity map. By [KL2, Thm. 4.2], induces for any h G Z an isomorphism 

j« . ^^sl such that 

(a) (H h Slj%)eC 2 . ^ ^ ^ 

Let K be the restriction of to O w — O w extended by on the complement of 
O w — O w . Now j w induces an isomorphism d : 4> 2 *K K. Let dl : (j) 2 *DK ^> 
DK be the inverse of the isomorphism DK — > <p 2 *DK induced by d; this induces 
isomorphisms <J' fe : (p 2 *U h DK ^ U h DK for ft 6 Z. Since supp(iT) C O w - O w 
we see using (a) and the induction hypothesis that 

(b) (H h DK, d' h ) G C 2 for h G Z. 

Now induces an isomorphism -DS^ — > (j) 2 *DSl u whose inverse is an isomor- 
phism j' : (p 2 *DSl u DS^. This induces for any h G Z an isomorphism 
j' h : (p 2 *n h DSl A H h DSl. We can identify DS*, = S«,[2m] for some m G Z in 
such a way that becomes p 2m j^ +2rn for some vnl G Z. Using (a) we deduce 



8 



GEORGE LUSZTIG AND DAVID A. VOGAN, JR. 



that 

(c)(n h DStf h )eC 2 . 
Using (c),(b) and the long exact sequence of cohomology sheaves associated to 
the exact triangle consisting of DS W , ASfy, DK (which is obtained from the exact 

triangle consisting of K, Sfy, S w ) we deduce that (H h DS w , t^) G C 2 for any h G Z. 
This completes the inductive proof. 

2.3. Define a : B x B -> B x B by (B, B') ^ (B', B). Then 

4> ■= 0a = : B x B -> B x B 

is the Frobenius map for an F p -rational structure on B x B such that <fi 2 = (j) 2 . 

Let C be the category whose objects are pairs (5, <fr) where 5 G Co and $ is 
an isomorphism <p*S — > 5 in C such that, setting \1/ = (/>*($)$ : 2 *5 — > 5, we 
have (5, \&) G C2 (note that ^ 2 *5 = 4> 2 *S). A morphism between two objects 
(5, $), (5', $') of C is a morphism 5 — » 5' in 5o which is compatible with <E>, 
Note that if (5, $) G C, then (5, G C. For (5, $) G C and w 6 I, $ induces a 
linear isomorphism <E> TO : V^f — > V*j. (Note that V^* 5 = V£ since O w is ^-stable.) 

For any (5, *) G C 2 let $ : ^*(5 © 0*5) -> 5 © 0*5 (that is $ : 0*5 © 2 *5 -» 
5©0*5) be the isomorphism whose restriction to 0*5 is 0©1 and whose restriction 
to 2 *5 is * © 0. We set 6(5, #) = (5 © 0*5, $). Note that 0(5, *) G C. 

Let E 1 be the subset of consisting of p n , —p n (n G Z). For iu e I, z e £ let 
t z : 0* S m S TO be the isomorphism such that <E> TO : Vjjf w — >■ V^f™ is multiplication 
by 2. We have (S TO , r 2 ) G C. 

Let K{C) be the Grothendieck group of C. We have the following result. 

Lemma 2.4. // (5,$) G C £/ien in K(C), (5,$) zs a Z-linear combination of 
elements (S w , r z ) (tu G I, 2; G E) and of elements 0(5, /or various (5, \I/) G C2. 

We can assume that the set J := {w G W^iS]^ 7^ 0} consists either of (i) a 
single element of I or (ii) of two distinct elements w', w" whose product is 1 and 
that for any w G J we have S\o w = Qi- In case (i) we have (0,$) = (S w ,t z ) 
where J = {w}, z G E; in case (ii) we have (O, $) = 0(S W , t p 2 n ) where w G J and 
n G Z. The lemma is proved. 

2.5. Let K'(C) be the subgroup of K{C) generated by the elements of the form 
6(5, *) for various (5, *) G C 2 and by the elements of the form (5, $) + (5, -$) 
with (5, $) G C. Let i?(C) = K(C)/K'(C). From 2.4 we see that 

(a) i/ie abelian group K{C) is generated by the elements (S w , T p n) (w G l,n G "Z). 
We regard K(C) as an ^4-module where u n (S, $) = (5, p n $) for n G Z. Then K'(C) 
is an ^4-submodule of K(C) hence K(C) inherits an .4-module structure from K(C). 

2.6. Let s be an odd integer > 1 and let q = p s . Let 



F = (j) s a = a(j) s = s : B x B -> B x B 
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be as in 1.1. For (S, <£>) G C we define a function Xs{S, £ (see 1.1) as follows. 
For x e (6 x B) F , Xs(S, $)(x) is the trace of the composition 

°x — °^{x) ^ °<t> s - 1 (x) ^ • • • ^ °4>{x) ^ °x 

or equivalently, the trace of $^ : V*j — > V^f where iu G I is such that x G . 
Clearly, (<S, $) h-> % S («S, $) defines a group homomorphism Xs '■ K(C) — > such 
that Xs( u O = P s Xs(0 for all £ G K(C) and such that x s (S w ,Ti) = a w for all 

M)Gl. 

If (5,*) G C 2 , the function X s{®{S,$)) : (B x £) F -> Qz is (its value at 
a; G (BxB) F is, from the definitions, the trace of a linear map of the form A®B — > 
A © S, (a, 6) I— >■ (T(6),T'(a)) where T : B -> A, T' : A ->■ S are linear maps). 
From the definition we see also that if (S, <&) G C then x s (<S, $) + % S (<S, -$) = 0. 
Thus, Xs '■ K(C) — > maps K'{C) to hence it induces a group homomorphism 
K(C) — > denoted again by Xs- It satisfies x s (tt£) = P s Xs(0 for all £ G K{C). 
We show: 

(a) z/£ G is swc/i that Xs(0 = /or all odd integers s > 1 i/ien £ = 0. 
By 2.4 we have £ = X^ei nez c w,n(S w , r p n) where c Wjn G Z are zero for all but 
finitely many (w,n). Applying Xs we obtain = J2 w ei,nez c w,nP ns a w . Since the 
a w form a basis of T p s we deduce J^wei n6Z c Wjn p ns = for any w G I. Since this 
holds for s = 1, 3, . . . we see that c WjU = for any w G I, n G Z, proving (a). 

We show: 

(b) XTie elements (S w ,ti) (w G I) /orm an .A- basis of K(C). 

The fact that they generate the A-module K{C) follows from 2.4. The fact that 
they are linearly independent over A follows from the proof of (a) . 

2.7. If (<S, $) G C then for any i let : <j>*WDS ^ WDS be the inverse of 
the isomorphism -» <j>*WDS induced by D. Note that it z e E (see 2.3) 

then (^^) (i) = z- 1 ^^. Moreover, setting * = 0*($)$ : (/> 2 *S <S, we have that 
: fr*S -> 5 is equal to <*) (as in 2.1). Using now 2.2 we see that 
(a) (H'DS,®®) G C. 
Clearly there is a well defined Z-linear map D : K(C) — » -ft'(C) such that 

D(<S, $) = ^(-l)*(?f D<S, $ W ) 

for any (<S, $) G C. If (S, #) G C 2 and 6(5, $) = (5© 0*5, $) then for any % we 
have {WD{S® 0*5), $«) = ®{WDS^) where (WDS,*®) G C 2 (see 2.2). 
Moreover if (5, $) G C then for any i we have (% l L>5, (-$) (<) ) = (7**1)5, 
It follows that D carries K'{C) into itself hence it induces a Z-linear map K{C) — > 
K(C) denoted again by D. Note that D(-u n £) = -u" n D(£) for any £ G i?(C) and 
any n G Z. 

Since Oi is closed, smooth, of pure dimension v := dimi3, we have from the 
definitions 

D(Si,n) = u- ,/ (Si,ri). 
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2.8. Now let t G S. We have O t = O t Li0 1 . Let 

Y = {(Si, S 2 , S 3 , S 4 ) G £ 4 ; (Si, S 2 ) G O t , (S 3 , S 4 ) G O t }. 

Define : F -> F by 

0(Si,S 2 ,S 3 ,S 4 ) = (0(S 4 ),0(S 3 ),0(S 2 ),0(Si)). 

This is the Frobenius map for an F p -rational structure on Y. Define 7r, 7r' : F — > 
5 x B by 

Ti" (Si, S 2 , S 3 , S 4 ) = (S 2 , S 3 ), 7r'(Si, S 2 , S 3 , S 4 ) = (Si, S 4 ). 

We have 7T0 = (J)tt,tt'(/) = (jm' . (The to the left of 7r or n' is as in 2.3.) For 
S G C and % G Z let <S l = SV[tt*<S; note that <S l G C . Let (5, *) G C 2 . For i G Z, 
\1/ : 2 *5 — > 5 induces an isomorphism c/) 2 *tv*S — > 7r*iS (since 7r^) 2 = </> 2 7r) and this 
induces for any z an isomorphism : (j) 2 *S 1 — > 5* (since 7r'(/> 2 = 4> 2 ix'). A standard 
argument shows that (<S l , l \E') G C 2 . It follows that if (5, <£>) G C and ieZ, then 
the isomorphism *<£> : — > 5* induced by $ satisfies (<S l , *$) G C. (Setting \1/ = 
</>*($)$ : </> 2 *S ^> 5, we have l # = (/>*(*$) ( l $) : (f) 2 *S ^ S.) Hence there is a well 
defined Z-linear map 9 t : K(C) -> K(C) such that 6 t (S, $) = E^-l^V^) for 
all (5, $) G C. From the definitions we have 8 t (u n £,) = u n 9 t {C) for any £ G if (C), 
fi£ Z. From the known properties of Verdier duality we have that 

D(0 t (£)) = «- 2 (9 t (D(0) for all £ G if (C). 

(We use that 7r ; is proper and that it is smooth with connected fibres of dimension 
2.) 

If (S, *) G C 2 and 0(5, *) = (5© $) then for any i we have 

(S©0*S)V$) = 6(<Sy#). 
Moreover if (S, $) G C then for any z we have 

(5% *(-*)) = (5*,-*$). 
It follows that 6>t carries K'(C) into itself hence it induces an ^4-linear map if (C) — » 
-K"(C) denoted again by 

Now let s be an odd integer > 1 and let q = p s . We define a linear map 
t ,s ■ F q -> F q by / !->■ /' where 

/'(5i,S 4 )= J] /(S 2 ,S 3 ) 

(B 2 ,B 3 )e(BxB)^ s ;(Bi,B 2 )e(5 t ,(B3,S4)eO t 

for any (S l5 S 4 ) e(BxBf. 

Let (<S, $) G C and define (S l , *$) G C as above. Using Grothendieck's sheaves- 
functions dictionary, we see that 



6 tt8 ( Xa (S,*)) = Y i (-l) i Xs(S i , i Q). 

i 
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It follows that 

for any £ £ K(C). From the definition of the "H^-module structure on T q in 1.1 we 
see that t , s (m) = (T t + l)(m) for any m £ T q . Thus for any £ G -R'(C) we have 

x.(»t(0) = m+i)(x.(0)- 

2.9. Using 2.6(b) we identify M = K(C) as ^4-modules in such a way that for any 
w £ I, the element a w £ M becomes the element (S TO , ri) of K(C). Then D in 2.7 
and 6 t in 2.8 become Z-linear maps M — > M (denoted again by D,0 t ). From 2.8 
we see that for any s = 1, 3, 5, . . . and any m G M, the image of 9 t {m) in M pS is 
equal to the image of (T t + l)m in M p s. It follows that 

e t (m) = (T t + l)m in M. 
Note also that 9 t : M — > M is ^-linear while D(-u n m) = -u~ n D(m) for all m G 
M, n G Z. From 2.8 we see that D(0 t (m)) = w" 2 # t (D(m)) for all m G M. 
Equivalently we have D((T< + l)(m)) = u~ 2 (Tt + l)(D(m)) for all m G M. (Here £ 
is any element of From 2.7 we have D(ai) = w. _I/ ai. We now define ~~ : M — > M 
by 777- i — y u v ~D(m). This has the properties described in the first sentence of 0.2(b). 
Thus the existence part of that sentence is established. To prove the uniqueness 
part of that sentence it is enough to verify the following statement. 

Let f : M — > M be a Z-linear map such that f(u n m) = u~ n m for all m G M , 
neZ, /(ai) = and f((T t + l)m) = u~ 2 (T t + l)/(m) for all m G M, t £ S. Then 

/ = o. 

We must show that f(a w ) = for any w G I. We can assume that to^l and that 
f(a w >) = for any «/ G I such that w' < w. We can find t £ S such that wt < w. 
If ttt) 7^ then applying 0.2(iii) with w, s replaced by twt, t we have 

f(u 2 a twt + u 2 a w ) = f((T t + l){a twt )) = w" 2 (T t + l)f{a twt ) = 

(since twt < w) hence u~ 2 f(a w ) = so that f(a w ) = 0. If tw = wt then applying 
0.2(i) with w, s replaced by wt, t we have 

f((u + l)(a wt + a w )) = f((T t + l)(a wt )) = 

hence (-u -1 + l)f(a w ) = so that f(a w ) = 0. This completes the proof of the 
first sentence in 0.2(b). The second sentence in 0.2(b) follows from the fact that 
DS W has support contained in O w and from the fact that dim(O w ) = l(w) + v. 
We prove the third sentence in 0.2(b). Let Sj' be the set of all h £ $)' such that 
hm = hm for any m £ M. Clearly S)' Q is an ^4-subalgebra with 1 of By 
definition, -f>Q contains T t + 1 for any t £ S. Since the elements T t + 1 generate $)' 
as an ^4-algebra we see that $j' = ft', as desired. We prove the fourth sentence in 
0.2(b). Define /' : M -> M by /'(to) = M. This is an ^'-linear map M -> M such 
that f'(ai) = a±. We must show that /' = 1. It is enough to show that /' = 1 
after the scalars are extended to Z[tt, u~ l , (-u + 1) -1 ]. But this follows the fact that 
M (with scalars thus extended) is generated by a\ as an i^'-module. (We use the 
formulas in 0.2(a).) This completes the proof of 0.2(b) hence that of Theorem 0.2. 
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3. Proof of Theorem 0.3 

3.1. In this section we fix w G I. Recall that we have morphisms a, (f), 4> = cr<j> = (po- 
of BxB into itself, see 2.3. Clearly there is a unique isomorphism k w : o^S^ S^, 
(resp. m w : 0*Sf„ Sjjy, i w : ^S*, ^> Sfj such that the induced isomorphisms 
(h w) . v n h sl ~ v n h sl 

(resp. (m%) v : V^ 1 ^ vf* 1 , (i%) y : V?"*'" A ^ S -) 
defined for any y G I, y < w and /i G 2N satisfy = 1 (resp. (mg) w = 1, 

(tg% = 1). We have = (k%) v (m%) v = (mj»)v(*fc)v By [KL2, Thm. 4.2], 

(m^) y is equal to p' 1 / 2 times a unipotent transformation. Clearly, (k™) y has square 
equal to 1. In particular, for any h G 2N, we have 

(n h Sl,it)eC, 

(a) {U h Sl,it)= P y a , W ;h/2U h/2 Sy = E 

y£l;y<w yel;y<w 

where 

^%;,/2 = tr (TO, : S - -> V y n S -) G Z, 
= E P y,^/2U h/2 e Z[u}. 

/i€2N 

From the definition of we have (with notation of 2.7): 

E J2(- i y( njDHhs l( { h) {j) ) = u ~ l{w) ~ l/ Ert-^^(c) 

that is 

d( e (^st ^) = E (^" s - tf) G 

Hence, setting 

2l w = E(^ s L^)e^(C) 



we have 
that is 



where we identify K(C) = M as in 2.9. Under this identification the element 
Ql w G M becomes 

E P y, W a v eM - 

From the definition of S*„ we have deg Py W < (l(w) — l(y) — l)/2 (if y G I, y < w) 
and P° w = l. We see that the existence part of 0.3(a) is verified by the element 
A w = v~ l( - w) Ql w G M (recall that v 2 = u). 



HECKE ALGEBRAS AND INVOLUTIONS IN WEYL GROUPS 



13 



3.2. We prove the uniqueness part of 0.3(a). Assume that we have an element 
K = v- 1 ^ Eyei;y< w P'y^y e M (P' a y , w G Z[«]) such that = A' w , P'^ w = 
1 and for any y G I, y < w, we have degP'J^ < (Z(iu) — /(y) — l)/2. We must 
show that P^u, = where V z , w = P' ZjW — P Z)W f° r all z G I, z < w. 

We already know that V WjW = 0. We can assume that z < w and that V y , w = 
for any y G I such that z < y < w. With the notation in 0.2(b) we have 

v 1 y,w / J 'y',y u y' ~ v / , ' y,w^y 

yel;y<w y'el;y'<y yel;y<w 

hence 

l(w) V" -f> = v -i{w) v 

/ j 1 y,w' z,y u 1 z,w 

y€l;z<y<w 

Using our inductive assumption this becomes 

l(w)j> _ -l(w)jy 

v I z,w> z,z — v 1 z,w 

Using r Z)Z = v~ 2l ( z this becomes 

l(w)-l(z)^p _ „,-l(w)+l(z)sp 
v 1 z,w — u I z,w- 

Here the right hand side is in v~ 1 Z[v~ 1 ] and the left hand side is in vZ[v] (we use 
that z < w). Hence both sides are zero. Thus V z , w = 0. This completes the proof 
of 0.3(a). Now 0.3(b) is immediate. 

In the course of this proof we have also verified the following result. 

Proposition 3.3. For any y G I, y < w, the polynomial Py jW defined in 0.3 
satisfies 

P y, W = E tr ((^), : V y HhSl -> V y nhSi )u h / 2 G Z[u}. 
he2N 

Note that, by [KL2], the polynomial P VjW of [KL1] satisfies (for y, w as in the 
proposition): 

P y , w = J2 dim(V^ hs -)« h / 2 e Z[«]. 

/i€2N 

3.4. Let s G S and let w G I be such that sw < w or equivalently ws < w. Let 
y G I be such that y < w. Then we have also sy < w; moreover, if sy 7^ ys we 
have sys < w. We show: 

(a) // sy = ys then P° w = P° yjW . 

(b) Ifsy^ysthenP° w = P° yS:W . 

Let P be the variety of parabolic subgroups P of G such that for any Borel 
subgroups P, B' in P we have (B, B') G O s and for some Borel subgroups P, B' 
in P we have (B, B') G O s . Let p : B — » V be the morphism B ^ P where P G V 
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contains B. Let p = px p : B x B — > V xV . This map commutes with the diagonal 
actions of G and pa = a'p where a' : V x V -> V x V is (P, P') ^ (P', P). We have 
O w = p~ 1 (X) where X = p(O w ), a closed subvariety of V x V. Let Xq = p(O w ), 
the unique open G-orbit in X. Let K be the intersection co homo logy complex of 
X with coefficients in (on Xq) extended by on V x V—X. We have = p*K. 
Let Z = p(O y ); we have cr'(Z) = Z. For any h G 2N there is a canonical vector 
space V with a linear involutive a'-action which is canonical isomorphic to the 

stalk of T-L K at any z G Z. From the definitions we have canonically V y w = V 

and V sy w = V if sy = ys, (resp. V sys w = V if sy 7^ ys); moreover under these 
identifications the operators (k™) y and (k™) sy if sy = ys (resp. (h™) sys if sy 7^ ys) 
correspond to the a'-action on V . It follows that 

tr((A#) B : V^y -> v/^) = tr(<r' : V -> V) 

= tT{(k™) sy I V sy W — > Vsy "j 

if = and 

tr((/c£% : V^y -> V^ S -) = tr(a' : V -> V) 
= tr((k h ) sys : V sys m > Vsys w ) 
if sy 7^ ys. This implies (a) in view of 3.3. 

4. The action of w _1 (T s + 1) in the basis (A w ) 

4.1. Let y, w G I. We set <5 yjW = 1 if y = w, = if y 7^ w, 8' y w = 1 - <5y )W . 
When y < w we set 7r y)W = v~ l ^ wS)+l ^ P^ w so that 7Ty 5W G u _1 Z[z; _1 ] if y < w and 
TTw,™ = 1; when y w we set 71^ jW = 0. In any case we have 

(a) TTy }W = S VjW + p'(y, w)v~ l + p"(y, w)v~ 2 mod w" 3 Z[t;" 1 ] 
where p'(y,w) G Z,p,"(y,w) G Z. Note that 

(b) p'(y,w) 7^ =^ y < w,/(y) 7^ /(«;) mod 2, 

(c) jLt"(y, u;) 7^ =>- y < w, l(y) = l(w) mod 2. 

For tuGlwe set a^, = v~ l ^ w >a w so that A w = X^ei ^y^a'y 

4.2. In this section we fix s G 5. We set c s = v~ 2 (T s + 1) G -ft'. The formulas in 
0.2(a) (with w G I) can be rewritten as follows. 

c s g4 = (t> + v~ 1 )a / su , + (1 + v~ 2 )a' w if sty = -ws > 
c s a^ = (v — v ~ 1 )a' sw + (v 2 — l)a' w if sw = ws < w; 
c s a' w = a' sws + v~ 2 a' w if sw ^ ws > w; 
c s a' w = a' sws + v 2 a' w if sw ^ ws < w. 

4.3. For any y, w G I such that sy < y < sw > w we define M.t w G by: 

■M-y,w = A*j/,to - 2 / ^y.x^x.w ~ ^w,swsPy }SW + ^sy,w^sy,ys 

xEl;y<x<w,sx<x 
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if l(y) = l(w) mod 2, 

M 8 y tW = tl'y tW (V + V- 1 ) 

if l(w) ^ l(y) mod 2. 

Theorem 4.4. Recall that s £ S. Let w G I. 

(a) If sw = ws > w then c s A w = (v + v~ 1 )A sw + Y^ z ei-,sz<z<sw M t,w A z- 

(b) If sw^ws>w then c s A w = A sws + ^ 6I;M<J<M , M a g>w A z . 

(c) If ws < w then c s A w = (v 2 + v~ 2 )A w . 

We prove (c). For z G I, sz < z we set = + u _1 a' sz (if sw = ws) and 
= a 'z + u_2a s«s sz 7^ zs )- By 3-4 we have 



(d) A z = a' z + .A-linear combination of elements a' with y G I, sy < y < z. 



It follows that the elements A z (z G I,sz < z) span the same *4-submodule M' 
of M as the elements a' z (z G I, < z). To show (c) it is enough to show that 
c s — (v 2 +v~ 2 ) acts as on M '\ hence it is enough to show that (c s — (v 2 +v~ 2 ))a' z = 
for any z G I, sz < z. But this follows from 4.2. This proves (c). 
In the rest of the proof we assume that sw > w. Note that 



CsA w 



= E 

yE~W;y<w 



^y,w^s^y 



hence using 4.2, c s A w is an .A-linear combination of elements of the form a' z with 
sz < z and with z < sw (if sw = ws) or with z < sws (if sw ^ ws). Using (d) 
it follows that c s A w is an A-linear combination of elements of the form A z with 
sz < z and with z < sw (if sw = ws) or with z < sws (if sw ^ ws). For such 
z we have either z = sw or z = sws or z < sw. (To see this we can assume that 
sw 7^ ws, z < sws. Then we must have z < sw or z < ws; if z < ws then taking 
inverses we obtain z < sw. Thus z < sw in any case. We cannot have z = sw since 
sw 7^ ws. hence z < sw.) We see that c s A w = J2 xe i- sx<x fTi x A x where m x G A.; 
moreover we have m x = unless x = sw (if sw = ws), x = sws (if sw ^ ws) or 
x < sw. 

Since c s A w = c s A w we have J2 x ei;sx<x ^x^x = J2x€i;sx<x m x A x hence = 
m x for all x G I such that sx < x. We have 

C S A W ^ ^ ^y,wC s ay -\~ ^ ^ T^y,wC s Cly 

y€l;sy=ys>y yEl;sy=ys<y 

~\~ ^ ^ ^y,wC s Cly -\~ ^ ^ Tfy^ w C s Cly 

y€l;sy^ys>y yEl;sy^ys<y 
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hence, using 4.2: 

c s A w = Y n y,w((v + v~ 1 )d sy + (l + v~ 2 )a' y ) 

yel;sy=ys>y 

+ Y Ky^dv-v-^a'sy + iv 2 -l)a' y ) 

y€l;sy=ys<y 

+ Y n y,w(a' S ys + V ~ 2a y) + Y 

yEl;sy^ys>y yEl;sy=£ys<y 



c s A w = Y ^s V ,w(v + v 1 )a' y + Y Ky iW (l + v 2 )a[ 



L y 

yel;sy=ys<y yEl;sy=ys>y 



yEl;sy=ys>y y£l;sy=ys<y 

+ Y n sys, w a y + Y ^y,wV~ 2 a' y 

yEl;sy=£ys<y y€l;sy^ys>y 

+ ^ ] 7l sys,w a y + ^ ] 7l y,w v a y 

yel;sy=£ys>y yEl;sy^ys<y 

Thus, 

c s A w = Y (^sy,w(v + V' 1 ) +7i y , w (v 2 - l))a' y 

y€l;sy=ys<y 

+ Y (^ y ,w(l + v~ 2 ) +n S y )W (v -v' 1 ))^ 

yEl;sy=ys>y 

~\~ ^ ^ {^sys,w ~l~ ^y,w^ )^y ^ ^ i.^y,w v ~\~ ^ sys,w)^y 

yEl;sy^ys<y yel;sy^ys>y 

We have 

Y ™>xA x = Y Y m ^y^ a 'y 

x£l;sx<x y£l x£l;sx<x 

It follows that for y G I such that ys < y we have 

Y m ^y^ = n sy,w(v + V 1 ) + n yiW (v 2 - 1) if sy = ys; 

xEl;sx<x 

Y m ^y^ = ^sys^ + i^ y ,wV 2 if sy ^ ys. 

xEl;sx<x 

For any / G A we define /+ G Z[v] by / - /+ G v~ 1 Z[v~ 1 ]. It follows that 

Y ( m xK y ,x) + = (^ sy ,w(v + v + + {n y , w {v 2 - 1)) + if sy = ys < 

x£l;sx<x 
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Y (^x^ y ,x) + = tt+ SjU) + (n yjW v 2 ) + if sy^ys< y. 

x£l;sx<x 

Using 4.1(a) and that y 7^ w if sy < y we deduce 



m+ 



+ Y (m x n yiX ) + = n' sy w +S syyW v + n'y, w + V y ,w v if S V = V s < V\ 

x£l;sx<x,y<x 

(e) 

+ Y ( m xK y ,x) + = S sys , w + n'y jW + /iy jW v if sy^ys< y. 

xEl;sx<x,y<x 



m+ 



In particular we have 



m y 



+ + Y (m x 7r yjX )+ eZ + Zv 

x(El;sx<x,y<x 



for any y G I such that sy < y. This shows by descending induction on l(y) that 
m y G Z + Zv for any y G I such that sy < y. (Indeed, if we know that for x G I 
such that sx < x, y < x we have m x G Z + Zi>, then (m x Tv ytX ) + G Z.) Setting 
m y = m y + m' y v (with m y G Z, G Z) for any y G I such that sy < y, we can 
rewrite (e) as follows: 

m° y + m' y v + Y m 'x^ y ,x 

x£l;sx<x,j/<x 

= dsy^s^sy,™ + dsy,ys$sy,wV + $ sy yys $ sys,w + A^,™ + ^y,w V - 

In particular, 

W y = ^y,™ ^sy,ys^sy,w 

for any y G I such that sy <y. It follows that 

m y + (^x,™ + &sx,xs&8X,<w)V>y,x 

xEl;sx<x,y<x 

e / r/ r II 

= Vsy,ys\i S y,-w + ^sy,ys^sys,w + V>y, w - 

Equivalently we have 

m y = ~~ ^y,x^x,w ~ dw,sws^y t sw 

xEl;sx<x,y<x 

+ ^8y,y8^ S y,w + ^sy,ys^sys,w + 

(We have used that Exei ;S x<x, y <x ^zAx,™/^ = 5 w , sws/ Uy )SW .) Since = m y 
we must have m y = m° + + u _1 ) for y & I, sy < y. For y G I such that 

< y, /(«;) 7^ /(y) mod 2 we deduce using 4.1(c) that 



m y 



V y , w (v + v x ) =M s yjW if y < sw, m y = v + v 



-1 
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if y = sw, hence ws = sw. For y e I such that sy < y,l(w) = l(y) mod 2 we 
deduce using 4.1(b),(c) that 

m y = ^y,w ~ ^y,x^x,w ~~ ^w,sws^y jS w + $sy,ysfJ< S y jW + ^sy,ys^sys,w 

x£l;sx<x,y<x 

If io s 7^ sw and y = sws we deduce that m y = 1. If y & I, sy < y,y < sw, l(y) = 
l(w) mod 2 then 

m y = ^y,W ~ ^y,X^X,W ~ WjSWS fl y sw + S y^y S li sy w = My :W - 

xEl;sx<x,y<x 

We see that m y = M- S y w for any y e I such that sy < y < sw. We also see that 
m S!ll = v + u _1 if sw = ws and m sws = 1 if sw ^ ws. This completes the proof of 
the theorem. 

4.5. We now present an algorithm for compute the polynomials Py w for y < 
w in I. It will be convenient to state this in terms of the elements n V)W = 
v -i( w )+i(y)pa^ e z^" 1 ] (see 4.1). Recall that ir yjW is defined to be if y, w G 
I,y£w. 

We can restate Theorem 4. 4(a), (b) as follows. (Recall that s e S, w e I, 

sw > w.) 

(^sy,w( V + V ~ 1 ) +Ky, w (v 2 ~ l))a' y 

y€l;sy=ys<y 
y£l;sy=ys>y 

+ Y i^sys,™ + n y,wV 2 )a y + ^ {n y , w v ~ 2 + 7r syS)W )a' y 

yel;syj^ys<y yel;sy^ys>y 

= J2 Yl M x, W Ky,xa' y 

y£l xEl;sx<x<sw 

^ ^j iV V )^j,s«i^sju,iiis"j( ^ ^ %,sws(l ^ sw ,ws)^y 

yel yei 
It follows that for any y e I, the expression 

(f + f )l^y,sw^sw,ws + 7r y,SWsS SWjWS 

is equal to 

^x,»%,x + 7T sy ^(f + i> _1 ) +Ky, w {v 2 - 1) if = ys < y, 

xEl\sx<x<sw 
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Yl M l,w^y,x + %,«,(! + v 2 ) + 7T 8ytW (v -v l ) if sy = ys > y, 

xEl;sx<x<sw 

M S x , w TTy,x + Ksys,w + Ky,wV 2 if Sy ^ yS < y, 

x£l;sx<x<sw 

Y M x,wKy,x + T^y,wV~ 2 + 7l S ys,w if Sy ^ yS > y. 

x£l;sx<x<sw 

We want show that the formulas above determine uniquely the quantities 7r yjSW 
(resp. ir y>8 ws) assuming that y G I and that sw = ws (resp. sw 7^ ws) and 
assuming that the quantities Tr y > iW > are known for any w' G I such that l(w') < 
l(ws) (resp. l(w') < l(sws)) and any y' G I. Then the quantities M. s x w in these 
formulas are also known except for a part of them given by 5 WS:SW ^,' X sw which is 
not known. If in the formulas above we replace the terms that are assumed to be 
known by a symbol 4b we obtain 

(a) (v + v~ 1 )n yjSW = ^ Vx,sw 7r y,x + 4* it ws = sw. 

xEl;sx<x<sw 
rCy,sws = 4b if SW ^ WS. 

We can now assume that sw = ws. In this case we determine the quantities 7r yjSW 
by descending induction on l(y). (We can assume that y < sw since 7r yjSW = 1 for 
y = sw.) Thus we can assume that 7r yjSW (hence also /x' sw ) is known when y is 
replaced by x G I such that y < x < sw. Since in the sum over x in (a) we can 
restrict to those x such that y < x we see that (a) becomes 

(v + v~ 1 )n yySW - fi'(y,sw) = £ ^'x, 8 w^y,x + * 

xEl;sx<x<sw,y<x 

that is 

(v + v'^iiy^ - fj,'(y, sw) = A 

Let us write 7r ytSW = Yl l n>i CnV ~ n where c n G Z are zero for all but finitely many 
n; note that c\ = fi,'(y, sw). (Recall that y < sw.) It follows that 

£ c n v- n+1 + c ^ v ~ n ~ 1 " c i = * 

n>l n>l 

so that c 2 = 4, ci + c 3 = 4b, c 2 + c 4 = 4b, c 3 + c 5 = 4b, c 4 + c 6 = 4b, It 

follows that C2k = 4b for A; = 1, 2, . . . and, since C2t+i = for large t we have also 
C2fc-i = 4b for A; = 1, 2, ... . Thus Cj = 4b for i = 1, 2, . . . so that 7r ytSW = 4b. 

The procedure above gives an algorithm to compute 7i yjZ for any y, z G I such 
that y < z. Indeed, if z = 1 then y = 1 and 7r y 2 = 1. If 2; 7^ 1 then we can find 
s <E S such that sz < z. Setting w = zs (if zs = sz) or w = szs (if zs 7^ sz) we 
see that w ytZ is determined by the inductive procedure above. 
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5. Relation with two-sided cells 

5.1. For any w G W let c w = v~ 1 ^ E y€W ;y< w P yA^ 2 ) T y e £ (compare [KL1]); 
similarly let c w = u~ 1 ^ J2 yeW - y<w P y , w (u 2 )T y G $)'. The elements c w (io G VF) 
form an ^4-basis of i}; the elements c w (tt? G W) form an .4-basis of Stf. For z, u? in 

we write (in the algebra $)): 

C z C w C z -i = ^j W /£\y h ZjWjW 'C w > 

where h ZjW:W > G N[v,v -1 ]. For z G W, w G I we write (using the ^'-module 
structure on M ) : 

C Z A W X^io'gl fz,w,w'A w ' 

where f ZjWjW ' G A are related to h ZjWjW > as follows. For z G W, it?, w' G I we write 
= Y.nez b nV n , fz,w,w> = £ n ez 6 n v " where 6 n G N, b' n G Z are zero for 
all but finitely many n. One can show that for each n we have b n = 6+ + b~, 
b' n = b^ — b~ for some 6+ G N, 6~ G N. (This is similar to the relation between 
P VjW and P yjW for y, it? G I. It is also analogous to the phenomenon described in 
[L4, 16. 3(a), (b)].) In particular, 

(a) If for some n we have b n = 0, then b' n = 0. Hence if f ZjWjW > ^ 0, then 
h Zj w,w' 7^ 0- 

(b) If for some n we have b n = 1, then b' n = ±1. 

5.2. Let c be a two-sided cell of W , see [KL1]. For y, w G W we shall write y ^ w 
instead of y <lr w (<lr is the preorder defined in [KL1]). For y G W we write 
y ■< c instead of: y ■< w for some w G c. For y G W we write y -< c instead of: 
j/ ^ c and y c. 

Let ^'- c be the ^4-submodule of "H' spanned by the elements c w > where w' G W 
is such that it?' ^ c. Let ^ c be the ^4-submodule of spanned by the elements 
c w i where w' G W is such that w' -< c. Note that ^'- c , ^ are two-sided ideals of 
j}'. Hence $2- c /$2^ c is naturally an ^'-bimodule, in particular a left ij'-module. 

Let M_- c be the ^4-submodule of M spanned by the elements A w > where w' G I, 
w' ■< c. Let M^ c be the *4-submodule of M spanned by the elements A w > where 
w' G I, w' -< c. 

From 5.1(a) we see that for z G W, w G I, the element c^A^, is an ^-linear 
combination of elements A w > with w' e ^ it?. In particular, M- C ,M^ C are 
^'-submodules of uM . Hence M- C /M <c is naturally an ^'-module. 

Let a G N be the value of the a- function [L4, §13] on c. Let r\ G I D c. We 
define an i}' -linear map : $j- c — » M- c by £ i— >• v 2a ^A v (we use the -^'-module 
structure on M). From 5.1(a) we see that if £ G ij' ^ c then f A,, G M^ c . Thus 

restricts to an ^'-linear map — > M^ c hence it induces an ^'-linear map 
S~[- c /$2_ <c — > M- c / M <c denoted again by r^. Let <i be the unique distinguished 
involution in the same left cell as r\ (hence in the same right cell as rj). From 
the known properties of distinguished involutions (see [L4, §15]) we see that the 
following holds in j^. 

v 2a c d c v c d = c v + £ + f 
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where £ G XLec v7i\p\c x and £' G ij^ c . Using now the results in 5.1 we deduce 
that 

v 2a c d A v = A v + m v + m' 
where G ^2 x€c vZ[v}A x and w! G M <c . Thus we have 

r v (c d ) = ±A V +m v 

where m v is as above. Now let r : ® vec ^- c /^^ c — > M- C /M^ c be the ^'-linear 
map whose restriction to the ry-summand is r^. The image of this map contains the 
elements ±A V + m v {r} G c) which clearly form a basis of Z[[t>]] $.4 (M- C /M^ c ): 
the c x c matrix whose rj, ry'-entry (in Z[v]) is the A^-coordinate of ±A V + has 
determinant ±1 plus an element in i>Z[i>], hence is invertible in Z[[i>]]. Thus after 
extension of scalars to Z[v], r is surjective. Hence after extension of scalars to the 
quotient field of Z[[i>]], or to the quotient field Q(v) of A, r is surjective. We see 
that 

(a) the Q(y) '-module Q(v) ® A (M- C /M^ c ) is a direct sum of irreducible 
Q(v) <S> a& -modules which appear in the Q(i>) <S>a& -module Q(v) <S>a (f)- c /$±^ c ) 
carried by the two-sided cell c. 

5.3. In this subsection we assume that W is a Weyl group of type A n _i, n > 2. 
In this case for any two sided cell c, the Q(v) (&a ^'-module Q(v) ®a($)- c /$1^ c ) 
is known to be a direct sum of copies of a single simple module E c . Hence from 
5.2(a) we deduce that the Q(v) &u .$2 -module Q(v) ®a (M- c /M^ c ) is a direct 
sum of say n c copies of E c . The dimension over Q(i>) of this module is the number 
of involutions contained in c which is known to be equal to dimi? c . It follows that 
n c = 1. It follows that the Q(i>) <S>a ^'-module Q(t>) ®aM. is isomorphic to ® C E C 
that is, is a "model representation" for the algebra Q(i> ) ®a & • (Each simple 
module of the algebra appears exactly once in it.) 

6. The W-module Mi 

6.1. Let I be the set of conjugacy classes of W contained in I. For any w G I 
let h(w) be the dimension of the fixed point set R~ w of — w in the reflection 
representation R of W (over Q). For any C G I we set h(C) = h(w) where w is 
any element of C . We have the following result. 

Lemma 6.2. Let s G 5 , w G I be such that sw = ws > w. Then h(sw) > h(w). 

From our assumptions it follows that the line R~ s is contained in R w , the fixed 
point set of w, and R~ w is contained in R s , the fixed point set of s. It follows 
that R~ s and R~ w are contained in R~ sw hence R~ s ®R~ W is contained in R~ sw . 
Thus h(sw) > h(w) + 1. The lemma is proved. 

6.3. In the setup of 0.4 for any i G N let be the subspace of M\ spanned 
by {a w ; h(w) > i}. From the formulas for the TU-action in 0.4 and from 6.2 we 
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see that for any ieN, M-f * is a VF-submodule of Mi. This induces a VF-module 
structure on M{ := M^/Mf i+1 . Let #r(Mi) = © l6N (M 1 - J /M^ 1 ). This is 
naturally a VF-module. By complete reducibility we have Mi = gr{M\) as W- 
modules. For any w G I we denote by a w the image of a w under the projection 
M} h{w) -> M} h[w) /M} h[w)+1 . The elements a w (w G I) form a Q-basis of #r(Mi) 
in which the VF-action is as follows. (Here s G S.) 

s(a w ) = —a sws if w G I, sw = ws < w; 

s(a w ) 

— a sws f° r a ll other w G I. 
It folows that for any x G W, w G I we have i(o ra ) = e XiW a xwx -i where e x>w G 
{1,-1} satisfies e XVtW = £ x ,yw y - ie y,w for all x, y G W, w G I. In particular, if 
x, y are in Z(w), the centralizer of iu G I, in then e XV)W = e XjW e yyW . Thus, 
£ ^ is a homomorphism e w : — > {1, —1} and it is clear that for any 
C G I, the subspace of gr(Mi) spanned by {a w ;w G C} is a VF-submodule of 
gr(Mi) isomorphic to the representation of W induced from the character e w of 
Z(w) where w is any element of C. We see that 

(a) Mi ^ ® w Indf {w) (e w ) 
as a VF-module; here w runs over a set of representatives for the various Cel. 
The multiplicities of the various irreducible VF-modules in the VF-module given by 
the right hand side of (a) were first described explicitly in [IRS] for W of type A n -i 
and later by Kottwitz [Ko] for any irreducible W; for example, if W is irreducible 
of classical type then an irreducible representation E of W appears in the right 
hand side of (a) if and only if it is special in the sense of [LI, (4.1.4)] and then its 
multiplicity is the integer Je in [LI, (4.1.1)] (in type A n -i this follows also from 
5.3). 

6.4. Kottwitz's formula for the VF-module grMi in the right hand side of 6.3(a) 
is in terms of the nonabelian Fourier transform matrix of [LI, 4.14]. We shall 
reformulate that formula in terms of unipotent representations, by using [LI, 4.23] 
which relates unipotent representations with the nonabelian Fourier transform 
matrix. One advantage of this reformulation is that unlike in [Ko] we need not 
consider separately the "exceptional" representations of W of type E 7 ,E 8 . (In the 
remainder of this section we assume that G is almost simple and that q, </>' are 
as in 1.1.) Let IrrG^ be a set of representatives for the isomorphism classes of 
irreducible representations of over Q;. For any p G IrrG^ let e(p) G {0, 1, — 1} 
be the Frobenius-Schur indicator of p; thus e(p) = 1 (resp. e(p) = —1) if p 
admits a nondegenerate G^ -invariant symmetric (resp. antisymmetric) bilinear 
form p x p — > and e(p) = if p is not isomorphic to its dual representation. 
It is known (Frobenius-Schur) that the dimension of the virtual representation 
SpeirrG^' € (p)p i s e Q ua l to the number of g G G^ such that g 2 = 1. Let us now 
consider the part G := Ylpeu € (p)p °f the virtual representation above coming 
from the set U of unipotent representations of G^ . 

Let X be the set of all triples (J 7 , y, r) where J 7 is a family [LI, 4.2] of irreducible 
representations of W (with an associated finite group Qjr, see [LI, Ch.4]), y is an 
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element of Qjr defined up to conjugacy and r is an irreducible representation of 
the centralizer of y in Qjr defined up to isomorphism. In [LI, 4.23], X is put in a 
bijection (J 7 , y, r) -h- pj^, y , r with U. If (J 7 , y,r) E X then we have e(pjr j / r ) g {0, 1}; 
moreover, e(pjF y;r ) = 1 in exactly the following cases: 

(i) | J 7 1 7^ 2 and y acts on r by the scalar ±1; 

(ii) \F\ = 2 and y = 1. 

(This follows from results in [L3, Sec.l] where it is shown that in case (i) pj^, y , r 
is actually defined over Q. On the other hand, in case (ii), pj^, y , r is defined over 
Qf^/c/].) In particular, if W is of classical type, we have e(pF, v , r ) = 1 for any 
{T,y,r)eX. 

For each TU-module E we define R E = \W\~ X Y. w ew tr K E ) Ei(-!)^c(^> Qi)| 
where X w is the variety associated to G, 0', w in [DL]. We view Re as an element 
of Q[W], the vector space of Q-linear combinations of elements of W with its sym- 
metric inner product (, ) in which U is an orthonormal basis. 

Using the above description of e(pj- jytr ) and [LI, 4.23] we can rewrite Kottwitz's 
formula in the form 

( a ) Sp6W-e(p)=i(/ 9 ' Re) = (RgrM-t, Re) for any irreducible W -module E. 
Using the isomorphism M\ = grM\ we can rewrite (a) as follows. 

(b) We have © = Rm 1 +£, where £ G Q\U] is orthogonal to Re for any irreducible 
W -module E. 

Note that if G is of type ^ F 4 , E 8 then (£, £) = hence £ = 0; if G is of type F 4 
or E 8 then (£,£) = 1. 

6.5. Let c be a two-sided cell of W. Let M^ c be the subspace of M\ spanned 
by the elements A w > where w' G I, w' ■< c. Let M^ c be the subspace of Mi 
spanned by the elements A w > where w' G I, w' -< c. Then M^ c , M^ c are W- 
submodules of Mi and Mf c /M^ c is naturally a TV-module. From 5.2(a) we see 
that this last TV-module is a direct sum of irreducible representations E of TV 
which appear in c (which we write as E H c). Since Mi is isomorphic as a TV- 
module to Q) c 'Mf c /M^ c (c' runs over the two-sided cells of TV) we see that 
M^ c jM^ c ^ ®E;E^cE® (E:Ml) where (£ : Mi) is the multiplicity of E in the 
TV-module M x . Note that dim(M 1 - c /M{ <c ) = |cDl|. It follows that 

(a) \c(l I| = ©s ; eh c (^ : Mi) dim(£). 

This determines explicitly the number \c D I| since the multiplicities (£? : Mi) = 
(E : grMi) are known from [Ko]. In particular, if TV is of classical type we have 

(b) |cDl| = f E dmi(E) 

where E is the special representation such that E H c and f E is as in 6.3. We thus 
recover a known result from [LI, 12.17]). 

7. Some extensions 

7.1. In this subsection we assume that TV is irreducible and that w i— )■ is a 
nontrivial automorphism of TV (as a Coxeter group) such that (w°)° = for all 
w G TV. Let I<> = {w G TV;mj° = -u; -1 } be the set of "o-twisted" involutions of 
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W. Let M be the free ^4-module with basis (a w ) we i . Replacing M by M , I by 
Io, ws, sws by ws°, sws in Theorem 0.2 we obtain a true statement. The proof 
is along the same lines as that in §1,§2: we replace (j)' in §1 or in §2 by a not 
necessarily split Frobenius map G — > G which induces w h- >■ w° on (if G is not 
of type B2,Gi or F4) or by a Chevalley exceptional isogeny, see [C, 21.4, 23.7], 
(if G is of type G2 or F 4 and p = 2, 3, 2 respectively). Note that in this last 
situation, only cases (iii),(iv) appear in 0.2(a). (Indeed, in this situation, for s G S, 
s, s° are not conjugate in W hence sw 7^ ws° for any w G W; this guarantees that 
the formulas in 0.2(a) specialized with u equal to an odd power of ^Jp involve only 
integer coefficients.) The statement obtained from Theorem 0.3 by replacing I by 
Io, M by M = A®aM<> and PZ W by P^'* remains true with essentially the same 
proof. The description of the W- module M 0) i = Q ®^ M<> (with Q viewed as an 
^4-algebra under u (->■ 1) given in 0.4 with I replaced by I<> and ws, sws replaced 
by sws°) remains valid. The statement of 4.4 remains valid if I is replaced 
by Io and ws, sws are replaced by s«is°. (The quantities M. s ZjW are defined 
as in 4.3 with the same replacements.) The analogue of 5.2(a) continues to hold. 
The analogues of 6.2, 6.3 continue to hold. 

7.2. Theorems 0.2 and 0.3 remain valid if W is replaced by an affine Weyl group. 
The proofs are essentially the same but use instead of B the affine flag manifold 
associated to G(k((e))) (here e is an indeterminate). We note that although D 
and multiplication by u v (in 2.9) do not make sense separately, their composition 
m 1 — y u u T)(m) does. The results in §4 also remain valid. The results in §6 remain 
valid as far as gr(M\) is concerned but one cannot assert that Mi = gr(Mi). The 
generalizations of 0.2, 0.3, §4 involving w ^ w° (as in 7.1) also remain valid if W is 
replaced by an affine Weyl group and w 1— > w° is any automorphism of order < 2 
of W (as a Coxeter group). 

7.3. Theorem 0.2(a) (and its variant for twisted involutions) remains valid if W is 
replaced by any Coxeter group. The main part of the proof involves the case where 
W is a dihedral group. It is likely that Theorem 0.2(b) (and then automatically 
Theorem 0.3) also extend to the case of Coxeter groups. 
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